The structure of the 9 Be low-lying spectrum is studied within the cluster model α + α + n. In the model the total orbital momentum is fixed for each energy level. Thus each level is determined as a member of the spin-flip doublet corresponding to the total orbital momentum (L π = 0 + , 2 + , 4 + , 1 − , 2 − , 3 − , 4 − ) of the system. The Ali-Bodmer potential (model E) is applied for the αα interaction. We employ a local αn potential which was constructed to reproduce the α − n scattering data. The Pauli blocking is simulated by the repulsive core of the s-wave components of these potentials. Configuration space Faddeev equations are used to calculate the energy of the bound state (E cal. =-1.493 MeV v.s. E exp. =-1.5735 MeV) and resonances. A variant of the method of analytical continuation in the coupling constant is applied to calculate the energies of low-lying levels. Available 9 Be spectral data are satisfactorily reproduced by the proposed model.
Introduction
The 9 Be nucleus can be modeled as a typical cluster nuclear system with the neutron-halo structure. The three cluster model α + α + n allows us to of the equations is as follows: is the Coulomb potential between the particles belonging to the pair β and V s γ is the short-range pair potential in the channel γ, (γ=1,2,3). H 0 = −∆ xγ − ∆ yγ is the kinetic energy operator, E is the total energy, and Ψ is the wave function of the three-body system. Ψ is given as a sum over three Faddeev components, Ψ = 3 γ=1 Ψ γ . For the ααΛ system including two identical particles, the coupled set of the Faddeev equations is written as:
(
where U is the Faddeev component corresponding to the rearrangement channel (αα) −n and W corresponds to the rearrangement channel (αn) −α. The total wave function is expressed by the components U and W with the relation Ψ = U + (1 + P 12 )W . P 12 is the permutation operator for the α particles (particles 1,2), V αα and V αn are nuclear potentials of αα and αn interactions, respectively. V Coul. is the potential of Coulomb interaction between the α particles, The total orbital angular momentum is given by L = ℓ αα + λ (αα)−n = ℓ αn + λ (αn)−α , where ℓ αα (ℓ αn ) is the orbital angular momentum of αα (pair of αn) and λ (αα)−n (λ (αn)−α ) is the orbital angular momentum of a neutron (α particle) relative to the center of mass of the αα pair and αn pair, respectively.
Possible combinations of relative momenta ℓ αα , λ (αα)−n and ℓ αn , λ (αn)−α for the system with total orbital momentum L and parity π written as a block matrix are:
where each block represents all quantum numbers taken into account. For example, the combinations corresponding to the 0 + state can be given in the form:
A more detailed description of this formalism is given in Ref. [13] , applied to the cluster system ααΛ. For the system ααn, the spin-orbit coupling between the α-particle and the neutron is not negligible and we implement the spin-orbit part of the αn interaction into the formalism. The αn potential is written as a sum of the central and the spin-orbit parts: V αn = V c αn + V so αn . For the ααn system in the LS basis the matrix elements of the spin-orbital potential V so αn are given by the following form:
where J is the total three-body angular momentum, L is the total three-body orbital momentum, j and l are total orbital momenta of the αn pair (the spin of the pair is equal to 1 2 ), λ isthe orbital momentum of the α-particle with respect to the center of the αn pair, and v so (r) is a coordinate part of the αn spin-orbit potential.
The configurations of the angular momenta corresponding to the L π states taken into account are represented below: 
Potentials
Nuclear αα interaction is given by the phenomenological Ali-Bodmer (AB) potential [10] . This potential has the following form: V αα (r) = l=0,2,4 V l αα (r)P l , where P l is a projector onto the state of the αα pair with the orbital momentum l. The functions V l αα (r) have the form of one or two range Gaussians:
The s-wave component V 0 αα (r) has a strong repulsive core which simulates Pauli blocking for the α's at short distances. There are different sets of the parameters for partial components V l αα (r) [10] . The parameters of the version "e" of the Ali-Bodmer potential (ABe) are given in Table 1 .
The αn interaction in s, p and d states is taken into account. The p and d-wave components include central and spin-orbit parts:
where j = l + s, s is the spin of the neutron. The coordinate dependencies of the components havethe form of one or two range Gaussians. The swave component has a repulsive core [7, 8, 9 ] to simulate the s state Pauli exception for α − n. The d-wave component of the αn potential was taken from Ref. [9] . In this work we propose a modification for the p-wave and spin-orbit components of the potential given in [9] . The parameters of our potential are listed in Table 1 . The goal of the modification is to reach a better description for the α − n scattering data. For experimental data, we used the results of the R-matrix analysis of the data from [11] . In Fig. 1 the phase shifts for the α−n scattering are given to compare our obtained results with the proposed potential and the R-matrix fit. We have obtained strong agreement between the two results for neutron energies up to 4-5 MeV.
Methods
The bound state problem based on the configuration space Faddeev equations (1) for the ααn system (Eq. (2)) is solved numerically by applying the finite difference approximation with spline collocation method [13, 15] . For calculation of the eigenvalues, the method of inverse iterations is used. To estimate the energies and widths of low-lying resonance states, we applied the method of analytical continuation in the coupling constant [16] . A variant of this method with an additional non-physical three-body potential is used. The strength parameter of this potential is considered as a variational parameter for the analytical continuation of the bound state energy into the complex plane [17, 18, 19] . This potential, considered as a perturbation to the corresponding three-body hamiltonian, is added to the left hand side of the equations (2). The three-body potential has the form:
where b is a range parameter of this potential (b=0.008 f m −2 ) and δ is a strength parameter (variational parameter), δ ≥0.
, where x α , y α are the mass scaled Jacobi coordinates (α = 1, 2) [14] . For each resonance there exists a region |δ| ≥ |δ 0 | where a resonance becomes a bound state. In this region we obtain the 2N three-body bound state energies corresponding to 2N values of δ. 2N is the number of points used in the real energy plane for construction of the Padé approximation. The continuation of the energy into the complex plane is carried out by means of the Padé approximation:
q i ξ i where ξ = √ δ 0 − δ and p i and q i are calculated parameters. The Padé approximation for δ = 0 gives the energy and width of the resonance: E(δ = 0) = E r + iΓ/2. The accuracy of the Padé approximation for resonance energy and width depends on a few parameters, the distance from the scattering threshold, the accuracy of calculation for bound states and determination of δ 0 . Calculated resonance energy can depend on the order N of the Padé aproximants used (for example, see Ref. [20] ).
Calculations
The bound state of the ααn system, having negative ("natural" [5] )) parity with
− , is associated with the ground state of the 9 Λ Be hypernucleus. The experimental value for this state is 1.5735 MeV [22] . This state is lower member of the spin-flip doublet with orbital momentum L=1. The upper member of this doublet is the resonance state J π = (
) − with energy 1.21±0.12 MeV. Calculated values ( 0.9 MeV) for this doublet are close to the experimental data. The calculated spin-doublet spacing is about 2.4 MeV, whereas the experimental value is about 2.68±0.12 MeV. In Table. 2 we give the 9 Be ground state binding energy calculated for various orbital momentum configurations. Orbital momentum configurations l π = 0 + and 2 + of the core nucleus 8 Be contribute significantly to the 9 Be ground state energy. A weakly bound state of the ααn system is possible if the l π = 0 + configuration is taken into account. Addition of the l π = 2 + configuration of the αα pair gives the final value for the binding energy. Meanwhile, the contribution of the configuration l π = 4 + is relatively small. Results of our calculation for the low-lying spectrum of 9 Be are given in the third column of Table 4 . The next two columns include the results of the Refs. [2, 3, 24] . Experimental data for 9 Be (T = 1/2) is given in the last column of this table. Each energy level is classified as a member of the spin-flip doublet corresponding to the total orbital momentum
− of the ααn system. Our model's predicted results correlate well with the experimental data [23] . In our opinion, the neutronhalo structure of the 9 Be is the reason for the possibility of classification. To give overall comparison of our experimental results, we present a relation between the calculated and experimental spectrum of 9 Be in Fig. 3 . In this figure the solid line indicates the root mean square fit for this correlation. The fitted line is close to the line (dashed line in Fig.3) showing the ideal situation when calculated values coincide with experimental data. These two lines are practically identical. The slight angle difference between the lines is due to a relatively large disagreement between calculated and experimental values for the
Note that other cluster calculations [2, 3] (see Table 2 ) demonstrate the same disagreement with the experimental data. We note that there is experimental evidence [25] for the wide J π = (
− resonance with energy of 3.4±0.5 MeV that is closer to the calculated values.
Our calculations strongly agree with previous 9 B calculations [2, 24] . In particular, we confirm that the J π = 7/2 + and J π = 9/2 − resonances have the excited energies about 10 MeV and 8 MeV, respectively. Energy of the resonance J π = 7/2 − as an upper member of the level L π = 4 − was predicted with approximately an excitation energy of 12 MeV.
The mirror nucleus 9 B can also be considered using the present cluster model after the replacement of neutron by proton. Obviously, this replacement must include the changes in mass and potential. To evaluate the effect of the potential replacement, we calculated the first energy levels of the ααp system with the α-n potential which was used for the ααn calculations. Results of our calculations for several levels are given in Table 2 . We compare these results with experimental data for 9 Be and 9 B. The Coulomb energy ∆ c is calculated as the energy difference between corresponding levels of 9 Be and 9 B, measured from the α + α + n and α + α + p thresholds, respectively. This energy includes the result of the change in mass which has to be excluded from this difference. Note that the mass difference of proton and neutron is about 1.293 meV. From Table 4 it is clear that the α-n potential used in the ααp system leads to systematical overbinding (about 0.25 MeV and more) for the ααp system relative to the experimental data. The Coulomb energy ∆ c is slightly less (about 0.15 MeV) than the experimental value which is in conflict with this overbinding. One can conclude that the αp potentials has to differ from the αn potential in both strength and range parameters. Nevertheless, the obtained results qualitatively reflect a relation between the 9 B low-lying levels given by the experimental data.
Finally, we illustrate our calculations in Fig. 4 and 5. In the first one, the real parts of the Páde approximants for the ( (6)) give a "trajectory" of negative energies (noted by circles in Fig. 4 ). Real parts of the constructed Páde approximants are shown by lines. Resonance energies of both levels correspond to the zero value of the argument δ (δ =0). From  Fig. 4 one can see that the behavior of the Páde approximants is close to linear dependence. The energies may be determined just as well by eye as by calculation due to the linear behavior of the Páde approximants.
In Fig. 5 the Páde approximants for the However the calculated resonance energy does not depend on this parameter. We can conclude that the value obtained for resonance energy corresponds to the physical value. Nonphysical solutions, which are possible using this method, can be separated by this test.
Summary
The configuration space Faddeev equations were applied to calculate the energy spectrum of the 9 Be nucleus within the α + α + n cluster model. We found the set of local phenomenological potentials which accurately reproduce the ground state binding energy and reasonably reproduce the energies of low-lying resonances. This set includes the Ali-Bodmer potential of the model "e" for αα and a new αn potential, which was constructed to reproduce the R-matrix fit for the αn scattering data. In our model the total orbital momentum is fixed for each energy level. Thus, the 9 Be energy levels can be classified as members of the spin-flip doublet corresponding to the total orbital momentum (
− ) of the system. In the framework of the model, the predictions for the resonance energies of the 4 + and 4
− spin flip-doublets have been made. [22] . Table 3 : Energy levels in the ααn system and low-lying 9 Be spectrum. Results of our calculations are presented in the third column. The energy (in MeV) is measured from the α + α + n threshold. Experimental data for 9 Be (T = 1/2) are taken from [23] . Be. The calculation of resonance energy was performed for two values of the range parameter b of the tree-body potential (6) . All notations are the same as in Fig. 4 .
